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ABSTRACT
We investigate the distribution of dark matter in galaxies by solving the equations
of equilibrium of a self-gravitating system of massive fermions (‘inos’) at selected
temperatures and degeneracy parameters within general relativity. Our most general
solutions show, as a function of the radius, a segregation of three physical regimes: 1)
an inner core of almost constant density governed by degenerate quantum statistics; 2)
an intermediate region with a sharply decreasing density distribution followed by an
extended plateau, implying quantum corrections; 3) an asymptotic, ρ ∝ r−2 classical
Boltzmann regime fulfilling, as an eigenvalue problem, a fixed value of the flat rotation
curves. This eigenvalue problem determines, for each value of the central degeneracy
parameter, the mass of the ino as well as the radius and mass of the inner quantum
core. Consequences of this alternative approach to the central and halo regions of
galaxies, ranging from dwarf to big spirals, for SgrA*, as well as for the existing
estimates of the ino mass, are outlined.
Key words: Methods: numerical – Cosmology: dark matter – Galaxies: halos –
Galaxies: nuclei – Galaxies: structure
1 INTRODUCTION
The problem of identifying the masses and the funda-
mental interactions of the dark matter particles is cur-
rently one of the most fundamental issues in physics
and astrophysics. The first astrophysical and cosmo-
logical constraints on the mass of the dark mat-
ter particle appeared in Cowsik and McClelland (1972);
Weinberg (1972); Gott et al. (1974); Lee and Weinberg
(1977); Tremaine and Gunn (1979). As we will show, some
inferences on the dark matter particle mass can be derived
from general considerations based solely on quantum statis-
tics and gravitational interactions on galaxy scales.
An important open issue in astrophysics is the descrip-
tion of the dark matter in terms of collisionless massive
particles. Attempts have been presented to put constraints
on its phase-space density by knowing its evolution from
the cosmological decoupling until the approximate time
of virialization of a dark matter halo. Phenomenological
attempts have been proposed in the past in terms of
Maxwellian-like, Fermi-Dirac-like or Bose-Einstein-like
distribution functions. Since the 80’s all the way up to the
present, the problem of modeling the distribution of dark
matter in terms of self-gravitating quantum particles has
been extensively studied and contrasted against galactic
observables. In Ruffini and Stella (1983); Viollier et al.
(1993); Chavanis and Sommeria (1998); Bilic et al.
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(2002); Chavanis (2002a); Boyanovsky et al. (2008);
Argu¨elles et al. (2013); Ruffini et al. (2013); Destri et al.
(2013); Argu¨elles and Ruffini (2014a); Argu¨elles et al.
(2014b); de Vega et al. (2014); Siutsou et al. (2015), and
references therein, this problem was studied by consid-
ering Fermi-Dirac statistics in different regimes, from
the fully degenerate to the dilute one, and for different
fermion masses going from few eV to keV. Instead, in
Sin (1994); Hu et al. (2000); Bo¨hmer and Harko (2007);
Boyanovsky et al. (2008); Spivey et al. (2013); Harko (2014)
the same problem was analyzed in terms of Bose-Einstein
condensates with particle masses from 10−25 eV up to few
eV.
Attempts of studying galactic structures in terms of
fundamental physical principles such as thermodynamics
and statistical physics, has been long considered (e.g.
Binney and Tremaine (2008)) since galaxies present many
quasi-universal self-organized properties such as: the con-
stant mean surface density at one-halo scale-length for lu-
minous and dark matter (Gentile et al. (2009)); the Fun-
damental Plane of galaxies (Djorgovski and Davis (1987);
Jorgensen et al. (1996)); or the fact that dark matter halos
can be well fitted by many different but similar profiles that
resemble isothermal equilibrium spheres (e.g. de Blok et al.
(2008); Chemin et al. (2011); de Vega et al. (2014)). Within
the statistical and thermodynamical approach, the most
subtle problem is the one of understanding the complex
processes of relaxation which take place before a galactic
halo enters in the steady states we observe. In the con-
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text of this paper we will deal only with the (quasi) relaxed
states of galaxies, and do not worry about the previous re-
laxation history of the halos. Nevertheless, and in order to
justify in a consistent way the hypothesis we use here, the
relaxation process must be certainly considered within the
realm of collisionless relaxation, giving the non-interacting
nature of the dark matter at halo scales. Formally speak-
ing, this kind of relaxation process differs from the standard
collisional relaxation by the fact that the last is described
in terms of the Fokker-Planck equation, while the former
must be described in terms of the Vlasov-Poisson equa-
tion, in order to account for the space and time variations
in the overall gravitational potential, not included in the
collisional approach (Binney and Tremaine (2008)). While
collisional relaxation processes can be applied in globular
clusters (stellar component dominant) implying relaxation
times tR of the order or less than the age of the Universe,
if applied to galaxies, these processes are largely not rel-
evant because tR exceeds 10 Gyr by orders of magnitude
(Binney and Tremaine (2008)). By the contrary, it has been
extensively shown by now that the time-varying (global)
gravitational potential proper of the collisionless process
known as violent relaxation (Lynden-Bell (1967); Chavanis
(2002b, 2006)), provides a relaxation mechanism analogous
to collisions in a gas, but with an associated dynamical time-
scale much shorter tD << tR; implying now an excellent
opportunity to attack the problem of relaxation in galaxies.
The central outcome of this theory is that within a few dy-
namical times tD, the collisionless system quasi relaxes into a
tremendously long lived quasi-stationary-state (QSS), which
under well mixing conditions can be described in terms of
the Fermi-Dirac statistics as shown in Lynden-Bell (1967);
Shu (1978); Kull et al. (1996); Chavanis (2002a); Chavanis
(2002b, 2005, 2006) 1. Even though the Fermi-Dirac distribu-
tion was first obtained in terms of a coarse-grained dynami-
cal description (Lynden-Bell (1967)), the same statistics was
also derived more fundamentally, in terms of particles, either
distinguishable (i.e. stars Shu (1978)), or indistinguishable
fermionic particles (Kull et al. (1996); Chavanis (2002a)),
as the ones we are interested here 2.
Models based on self-gravitating fermions whose equi-
1 It has been explicitly shown that these kind of Fermi-
Dirac distribution functions can be obtained from a maximiza-
tion entropy principle at fixed total mass and temperature of
the systems (Chavanis and Sommeria (1998); Chavanis (2002a);
Bilic and Viollier (1999); Chavanis (2005)), implying therefore
the necessity for these quasi-relaxed structures to be bounded
in radius. This condition can be achieved, for example, by intro-
ducing a cut-off in the momentum space of the original Fermi-
Dirac distribution as shown first in Ingrosso et al. (1992), and
more recently in the context of the model here introduced, in
Ruffini et al. (2013); Fraga et al. (2014). The main properties of
the fermionic model relevant for the conclusions of this work do
not depend on the cut-off as shown in Fraga et al. (2014), which
only set the outermost boundary radius. Therefore we will adopt
for simplicity the standard Fermi-Dirac statistics throughout this
paper.
2 In any case, the (fermionic) Fermi-Dirac distribution used in
this work must be always thought as the final outcome of a macro-
scopic coarse-grained mixing, such that the macroscopic entropy
can increase during the complex (collisionless) relaxation pro-
cesses (second law of thermodynamics) and eventually be max-
librium distributions are assumed to be everywhere in a clas-
sical dilute regime (i.e. which can be well approximated by
Boltzmannian distributions) as the one recently studied in
de Vega et al. (2014), may have serious problems of stability
when applied to galactic structures such as big spirals. Even
though a model of this kind provide good fits when con-
trasted with observational rotation curves and density pro-
files (which is also the case within our model, Siutsou et al.
(2015)), these profiles most likely undergo core-collapse, be-
ing this an inevitable fait of Boltzmannian-based distri-
butions which present large density contrast between cen-
ter and periphery, even in the case of collisionless parti-
cles (Padmanabhan (1990); Chavanis and Sommeria (1998);
Chavanis (2002b)). By the contrary, for self-gravitating sys-
tems of collisionless particles which develop some degree of
central degeneracy such that the overall dilute-regime can
no longer be assumed (i.e. for θ0 & 10 within our model),
the core-collapse can be stopped, basically because the ex-
clusion principle now present saturates the gravitational col-
lapse (see Chavanis and Sommeria (1998); Bilic and Viollier
(1999); Chavanis (2002a); Chavanis (2002b)).
It is our opinion that in the fermionic case, a clear differ-
entiation of a quantum degenerate core and an almost clas-
sical halo, has never been properly implemented. In partic-
ular it has been neglected the crucial role of comparing and
contrasting different configurations, for fixed halo boundary
conditions. As we will show, this leads to a very specific
eigenvalue problem for the mass of the inos.
In this paper, and for completeness, we formulate the
general problem of the dark matter distribution in galaxies
based in the following assumptions: 1) that the dark matter
phase-space density is described by the Fermi-Dirac statis-
tics; 2) that the equilibrium equations for the configurations
be solved within a general relativistic treatment; 3) we set
the boundary condition for all dark matter profiles associ-
ated with a specific galaxy type (dwarfs, spirals, and big spi-
rals), to have, in each case, the same value of the flat rotation
curve. Having established this procedure in section 2, we ev-
idence in section 3: i) the new core-halo distribution of dark
matter density, which is composed by a dense compact core
governed by almost degenerate quantum statistics, a semi-
degenerate transition, followed by a dilute halo governed by
Boltzmann classic statistics; ii) for each central degeneracy
parameter we determine as an eigenvalue problem, the mass
and radius of the inner quantum core, as well as the corre-
sponding ino mass; and iii) we show that, for an ino mass of
∼ 10 keV/c2, there is in our model a theoretical correlation
between the inner quantum core mass and the halo mass,
for galaxy types from dwarf up to big spirals. From these
considerations clearly follows that the determination of the
ino mass is uniquely established by the properties of the in-
ner quantum core and the asymptotic boundary conditions,
and it cannot be determined in a dark matter distribution
governed only by a Boltzmannian distribution, which is in-
dependent of the mass of the ino. In section 4 we summarize
and discuss our results.
imized to find the final state, as in the cases mentioned in the
above footnote 1.
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2 EQUILIBRIUM EQUATIONS AND
BOUNDARY CONDITIONS
Following Gao et al. (1990); Argu¨elles et al. (2014b), we
here consider a system of general relativistic self-gravitating
bare massive fermions under the approximation of thermo-
dynamic equilibrium. As mentioned above, this approxima-
tion is well justified under the assumption of well mixing
during the collisionless relaxation process, where the over-
all distribution function of the inos in the QSS, can be
well approximated by the Fermi-Dirac distribution. No addi-
tional interactions are initially assumed for the fermions be-
sides their fulfillment of quantum-like statistics and the rel-
ativistic gravitational equations. In particular, we do not as-
sume weakly interacting particles as in Tremaine and Gunn
(1979). We refer to this bare particles more generally as inos,
leaving the possibility of additional fundamental interactions
to be determined by further requirements to be fulfilled by
the model. Already this treatment of bare fermions leads to
a new class of equilibrium configurations and, correspond-
ingly, to new limits to the ino mass. This is a necessary first
step in view of a final treatment involving additional interac-
tions to be treated self-consistently, as we will soon indicate
here.
The density and pressure of the fermion system are
given by
ρ = m
2
h3
∫
f(p)
[
1 +
ǫ(p)
mc2
]
d3p, (1)
P =
1
3
2
h3
∫
f(p)
[
1 +
ǫ(p)
mc2
]−1 [
1 +
ǫ(p)
2mc2
]
ǫ d3p, (2)
where the integration is over all the momentum space, fp =
(exp[(ǫ − µ)/(kT )] + 1)−1 is the distribution function, ǫ =√
c2p2 +m2c4 −mc2 is the particle kinetic energy, µ is the
chemical potential with the particle rest-energy subtracted
off, T is the temperature, k is the Boltzmann constant, h
is the Planck constant, c is the speed of light, and m is
the ino’s particle mass. We do not include the presence of
anti-fermions, i.e. we consider temperatures T ≪ mc2/k.
The Einstein equations for the spherically symmetric
metric gµν = diag(e
ν ,−eλ,−r2,−r2 sin2Θ), being Θ the
azimutal angle, where ν and λ depend only on the ra-
dial coordinate r, together with the thermodynamic equi-
librium conditions of Tolman (1930), eν/2T =constant, and
Klein (1949), eν/2(µ + mc2) =constant, can be written as
Gao et al. (1990)
dMˆ
drˆ
= 4πrˆ2ρˆ, (3)
dθ
drˆ
= −1− β0(θ − θ0)
β0
Mˆ + 4πPˆ rˆ3
rˆ2(1− 2Mˆ/rˆ)
, (4)
dν
drˆ
=
2(Mˆ + 4πPˆ rˆ3)
rˆ2(1− 2Mˆ/rˆ)
, (5)
β0 = β(r)e
ν(r)−ν0
2 . (6)
The following dimensionless quantities were introduced: rˆ =
r/χ, Mˆ = GM/(c2χ), ρˆ = Gχ2ρ/c2, Pˆ = Gχ2P/c4, where
χ = 2π3/2(~/mc)(mp/m), with mp =
√
~c/G the Planck
mass, and the temperature and degeneracy parameters, β =
kT/(mc2) and θ = µ/(kT ), respectively. The constants of
the Tolman and Klein conditions are evaluated at the center
r = 0, indicated with a subscript ‘0’.
The system variables are [M(r), θ(r), β(r), ν(r)]. We in-
tegrate Eqs. (3–6) for given initial conditions at the center,
r = 0, in order to be consistent with the observed dark mat-
ter halo massM(r = rh) =Mh and radius rh, defined in our
model at the onset of the flat rotation curves. The so called
halo radius (and mass) in this paper represent the one-halo
scale length (and mass) associated with the fermionic model
here presented, and corresponding with the turn-over of the
density profiles in total analogy as other halo-scale lengths
used in the literature such as r0 or r−2 as shown in Fig. 3.
The circular velocity is
v(r) =
√
GM(r)
r − 2GM(r)/c2 , (7)
which at r = rh, is v(r = rh) = vh.
It is interesting that a very similar set of equations have
been re-derived in Bilic et al. (2002) apparently disregard-
ing the theoretical approach already implemented in 1990
in Gao et al. (1990). They integrated the Einstein equations
fixing a fiducial mass of the ino of m = 15 keV/c2, and they
derived a family of density profiles for different values of the
central degeneracy parameter at a fixed temperature consis-
tent with an asymptotic circular velocity v∞ = 220 km/s.
They conclude that a self-gravitating system of such inos
could offer an alternative to the interpretation of the mas-
sive black hole in the core of SgrA* (Ghez et al. (2008)).
Although this result was possible at that time, it has been
superseded by new constraints imposed by further observa-
tional limits on the trajectory of S-stars such as S1 and S2
(Ghez et al. (2008); Gillessen et al. (2009)).
In this paper we give special attention to the halo
boundary conditions determined through the flat rota-
tion curves. We integrate our system of equations us-
ing different boundary conditions to the ones imposed in
Bilic et al. (2002) and reaching different conclusions. We
first apply this model to typical spiral galaxies, similar
to our own galaxy, adopting dark matter halo parameters
(de Blok et al. (2008); Sofue et al. (2009)):
rh = 25 kpc, vh = 168 km/s, Mh = 1.6× 1011M⊙ . (8)
Later on we repeat the analysis also for typical dwarf
spheroidal galaxies: rh = 0.6 kpc; vh = 13 km/s; Mh =
2 × 107M⊙ (Walker et al. (2009)); as well as for typical
big spiral galaxies:rh = 75 kpc; vh = 345 km/s; Mh =
2×1012M⊙ (Boyarsky et al. (2009a)). The initial conditions
are M(0) = 0, ν(0) = 0, θ(0) = θ0 and β(0) = β0. We
integrate Eqs. (3–6) for selected values of θ0 and m, cor-
responding to different degenerate states of the gas at the
center of the configuration. The value of β0 is actually an
eigenvalue which is found by a trial and error procedure un-
til the observed values of vh and Mh at rh are obtained. We
show in Fig. 1 the density profiles and the rotation curves
as a function of the distance for a wide range of parameters
(θ0,m), for which the boundary conditions in (8) are exactly
fulfilled.
3 DARK MATTER PROFILES: FROM DWARF
TO BIG SPIRAL GALAXIES
The phase-space distribution encompasses both the classi-
cal and quantum regimes. Correspondingly, the integration
c© 2015 RAS, MNRAS 000,
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Figure 1. Mass density (left panel), degeneracy parameter (central panel), and rotation velocity curves (right panel) for specific ino
massesm and central degeneracies θ0 fulfilling the observational constraints (8). The density solutions are contrasted with a Boltzmannian
isothermal sphere with the same halo properties. All the configurations, for any value of θ0 and corresponding m, converge for r & rh
to the classical Boltzmannian isothermal distribution. It is clear how the Boltzmann distribution, is as it should be, independent of m.
Interestingly, when the value Mc(r . 10−2 pc)∼ 106M⊙ (i.e. m ∼ 10 keV/c2) is chosen as the one of more astrophysical interest, the
onset of the classical Boltzmann regime takes place at distances of r & few 102 pc, in consistency with the observed cored nature of the
innermost resolved regions in spiral galaxies as analyzed in (de Blok et al. 2008).
of the equilibrium equations leads to three marked different
regimes (see Fig. 1): a) the first consisting in a quantum core
of almost degenerate fermions. These cores are characterized
by having θ(r) > 0. The core radius rc is defined by the first
maximum of the velocity curve. A necessary condition for
the validity of this quantum treatment for the central core
is that the interparticle mean-distance, lc, be smaller or of
the same order, of the thermal de Broglie wavelength of the
inos, λB = h/
√
2πmkT . As we show below (see Fig. 2),
this indeed is fulfilled in all the cases here studied. b) A
second regime where θ(r) goes from positive to negative val-
ues for r > rc, all the way up to the so called classical
domain where the quantum corrections become negligible.
This transition region consists in a sharply decreasing den-
sity followed by an extended plateau. c) The classical regime
described by Boltzmann statistics and corresponding with
θ(r) ≪ −1 (for r & rh), in which the solution tends to the
Newtonian isothermal sphere with ρ ∼ r−2, where the flat
rotation curve sets in. Of course, the flat region of the veloc-
ity curve can not continue indefinitely in the case of realistic
bounded systems. This can be easily achieved in the context
of our model and without changing the results here pre-
sented, by introducing a cut-off in the momentum space ac-
counting for possible dissipative and/or tidal effects as done
in (Ruffini et al. (2013); Fraga et al. (2014)), and already ex-
plained in the footnote 1. Regarding a possible astrophysical
discussion about the novel (increasing-decreasing) aspect of
the inner part of the rotation curve arising before reaching
the known classical behaviour, as well as the numerical im-
plications of β0 and θ0, they are given at the end of this
section.
We define the core mass, the circular velocity at rc, and
the core degeneracy as Mc = M(rc), vc = v(rc) and θc =
θ(rc), respectively. In Table 1 we show the core properties of
the equilibrium configurations in spiral galaxies, for a wide
range of (θ0,m). For any selected value of θ0 we obtain the
correspondent ino mass m to fulfill the halo properties (8),
after the above eigenvalue problem of β0 is solved.
It is clear from Table 1 and Fig. 1 that the mass of
the core Mc is strongly dependent on the ino mass, and that
the maximum space-density in the core is considerably larger
than the maximum value considered in (Tremaine and Gunn
1979) for a Maxwellian distribution. Interestingly, as can
be seen from Fig. 1, the less degenerate quantum cores in
agreement with the halo observables (8), are the ones with
the largest sizes, of the order of halo-distance-scales. In this
limit, the fermion mass acquires a sub-keV minimum value
which is larger, but comparable, than the corresponding
sub-keV bound in (Tremaine and Gunn 1979), for the same
halo observables. Indeed, their formula gives a lower limit
m ≈ 0.05 keV/c2 when using the proper value for the King
radius, rK ≃ 8.5 kpc, as obtained from σ =
√
2/5vh and
ρ0 = 2.5× 10−2M⊙/pc3, which are the associated values to
the Boltzmannian density profile of Fig. 1. This small differ-
ence is formally understood by the following fact: while their
conclusions are reached by adopting the maximum phase-
space density, Qhmax ∼ ρh0m−4σ−3h , at the center of a halo
described by a Maxwellian distribution; in our model the
maximum phase-space density is reached at the center of
the dense quantum core described by Fermi-Dirac statis-
tics, Qcmax ∼ ρc0m−4σ−3c (where lower and upper index c
reads for the central core). An entire new family of solu-
tions exists for larger values of central phase-space occupa-
tion numbers, always in agreement with the halo observ-
ables (see Fig. 1). Now, since these phase-space values, by
the Liouville’s theorem, can never exceed the maximum pri-
mordial phase-space density at decoupling, Qdmax, we have
Qh,cmax < Q
d
max. Then, considering that all our quantum solu-
tions satisfy Qcmax > Q
h
max, it directly implies larger values
of our ino mass with respect to the Tremaine and Gunn
limit. Nevertheless, as we have quantitatively shown above,
e.g. for the case of typical spiral galaxies, the two limits be-
come comparable for our less degenerate (θ0 ≈ 10) quantum
cores in agreement with the used halo observables (8).
In the case of a typical spiral galaxy, for an ino mass of
m ∼ 10 keV/c2, and a temperature parameter β0 ∼ 10−7,
obtained from the observed halo rotation velocity vh, the
de Broglie wavelength λB is higher than the interparticle
mean-distance in the core lc, see Fig. 2, safely justifying the
quantum-statistical treatment applied here.
If we turn to the issue of an alternative interpretation
to the black hole on SgrA*, we conclude that a compact
degenerate core mass Mc ∼ 4 × 106M⊙ is definitely possi-
ble corresponding to an ino of m ∼ 10 keV/c2 (see Table
1). However, the core radius of our configuration is larger
by a factor ∼ 102 than the one obtained with the closest
c© 2015 RAS, MNRAS 000,
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θ0 m (keV/c2) rc (pc) Mc(M⊙) vc (km/s) θc
11 0.420 3.3× 101 8.5× 108 3.3× 102 2.1
25 4.323 2.5× 10−1 1.4× 107 4.9× 102 5.5
30 10.540 4.0× 10−2 2.7× 106 5.4× 102 6.7
40 64.450 1.0× 10−3 8.9× 104 6.2× 102 8.9
58.4 2.0× 103 9.3× 10−7 1.2× 102 7.5× 102 14.4
98.5 3.2× 106 3.2× 10−13 7.2× 10−5 9.8× 102 21.4
Table 1. Core properties for different equilibrium configurations fulfilling the halo parameters (8) of spiral galaxies.
 1
 2
 3
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 1  5  10  15  20  25  30
(λ B
/l) c
o
re
θ0
Quantum cores
Figure 2. The less degenerate quantum cores in agreement with
the halo observables (8) corresponds to θ0 ≈ 10 (λB ∼ 3lc).
These cores are the ones which achieve the largest sizes, of order
∼ 101 pc, and implying the lowest ino masses in the sub-keV
region.
observed star to Sgr A*, i.e. the S2 star (Gillessen et al.
(2009)). Nevertheless, for an ino mass of m ∼ 10 keV/c2
(θ0 = 30), the very low temperature of the dense quan-
tum core is already a small fraction of the Fermi energy
(i.e. λB > l), where additional interactions between the
inos should arise, affecting the mass and radius of the new
denser core depending on the interaction adopted 3. Indeed,
we have recently applied this novel idea in Argu¨elles et al.
(2015), achieving now higher possible compactness for the
new quantum core, in perfect agreement with the observa-
tional constraints imposed by the S2 star, and always for ino
masses in the range of m ∼ 101 keV/c2. Moreover, the rele-
vance of self-interactions in ultra-cold fermionic-particle col-
lisions has been already shown in laboratory, for example, for
(effective) Fermi gases, e.g. 6Li, at temperatures of fractions
of the Fermi energy (Giorgini et al. (2008)). There, a good
agreement between experiment and theory was achieved for
such a cold Fermi gas when studied in terms of a grand-
canonical many-body Hamiltonian in second quantization,
with a term accounting for fermion-fermion interaction, sim-
ilarly as done in Argu¨elles et al. (2015).
We further compare and contrast in Fig. 3 our theoret-
ical curves of Fig. 1 with observationally inferred ones. In
order to provide a more detailed comparison, we have exten-
3 This is analogous for instance to the case of neutron stars, where
nuclear fermion interactions strongly influence the mass-radius
relation (see, e.g., Lattimer and Prakash (2007))
sively contrasted our three-parametric fermionic model with
many other dark matter parametric models resulting from
N-body simulations, in terms of a formal Bayesian statisti-
cal analysis and using high resolution data samples including
for baryonic components, in Siutsou et al. (2015). It is in-
teresting that the quantum statistical treatment (including
relativistic effects) considered here, is characterized by the
presence of central cored structures unlike the typical cuspy
configurations obtained from a classic non-relativistic ap-
proximation, such as the ones of numerical N-body simula-
tions in Navarro et al. (1997). This naturally leads to a first
step, in terms of a first principle physics approach, to under-
stand the well-known core-cusp discrepancy as first shown in
de Blok et al. (2001) and further confirmed for typical spiral
galaxies in Chemin et al. (2011). Such a difference between
the ino’s core and the cuspy NFW profile, as well as the pos-
sible black hole nature of the compact source in SgrA*, will
certainly reactivate the development of observational cam-
paigns in the near future. There the interesting possibility,
in view of the BlackHoleCam Project based on the largest
Very Long Baseline Interferometry (VLBI) array4, to ver-
ify the general relativistic effects expected in the surround-
ings of the central compact source in SgrA*. Such effects
depend on whether the source is modeled in terms of the
RAR model presented here (with the possible inclusion of
fermion interactions, Argu¨elles et al. (2015)), or as a black
hole. To compare and contrast these two alternatives is an
observational challenge now clearly open.
Following the analysis developed here for a typical spi-
ral, we have also considered two new different sets of phys-
ical dark matter halos: rh = 0.6 kpc; vh = 13 km/s;
Mh = 2 × 107M⊙ for typical dwarf spheroidal galaxies,
(e.g. Walker et al. (2009)); and rh = 75 kpc; vh = 345 km/s;
Mh = 2 × 1012M⊙ for big spiral galaxies, as analyzed in
Boyarsky et al. (2009a). For big spirals, λB/lc = 5.3, while
for typical dwarfs galaxies λB/lc = 4.1, justifying the quan-
tum treatment in both cases.
A remarkable outcome of the application of our model
to such a wide range of representative dark halo galaxy
types, from dwarfs to big spirals, is that for the same ino
mass, m ∼ 10 keV/c2, we obtain respectively core masses
Mc ∼ 104M⊙ and radii rc ∼ 10−1pc for dwarf galaxies, and
core masses Mc ∼ 107M⊙ and radii rc ∼ 10−2pc for big
spirals. This leads to a possible alternative to intermediate
(∼ 104M⊙) and more massive (∼ 106−7M⊙) black holes,
thought to be hosted at the center of the galaxies.
Moreover, we have obtained out of first principles, a
possible universal relation between the dark matter halos
4 http://horizon-magazine.eu/space
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Figure 3. The cored behavior of the dark matter density
profile from the Ruffini-Argu¨elles-Rueda (RAR) model is con-
trasted with the cuspy Navarro-Frenk-White (NFW) density pro-
file (Navarro et al. 1997), and with a cored-like Einasto profile
(Einasto 1965; Einasto and Haud 1989). The free parameters of
the RAR model are fixed as β0 = 1.251 × 10−7, θ0 = 30 and
m = 10.54 keV/c2. The corresponding free parameters in the
NFW formula ρNFW (r) = ρ0r0/[r(1 + r/r0)
2] are chosen as
ρ0 = 5×10−3M⊙ pc−3 and r0 = 25 kpc, and for the Einasto pro-
file ρE(r) = ρ−2 exp [−2n(r/r−2)
1/n − 1], ρ−2 = 2.4 × 10−3M⊙
pc−3, r−2 = 16.8 kpc, and n = 3/2. In the last two models, the
chosen free parameters are typical of spiral galaxies according to
(de Blok et al. 2008; Chemin et al. 2011).
and the super massive dark central objects. For a fixed ino
mass m = 10 keV/c2, we found the Mc-Mh correlation law
Mc
106M⊙
= 2.35
(
Mh
1011M⊙
)0.52
, (9)
valid for core masses ∼ [104, 107]M⊙ (corresponding to dark
matter halo masses ∼ [107, 1012]M⊙). Regarding the ob-
servational relation between massive dark compact objects
and bulge dispersion velocities in galaxies (theMc-σ relation
(Ferrarese (2002b)), it can be combined with two observa-
tionally inferred relations such as the σ-Vc and the Vc-Mh
correlations, where Vc is the observed halo circular veloc-
ity and Mh a typical halo mass. This was done in Ferrarese
(2002a) to find, by transitivity, a new correlation between
central mass concentrations and halo dark masses (Mc-Mh).
Interestingly, such a correlation matches with the one found
above in Eq. (9) in the range Mc = [10
6, 107]M⊙, with-
out assuming the black hole hypothesis. The appearance of
a core surrounded by a non-relativistic halo, is a key fea-
ture of the configurations presented in this paper. It can-
not however be extended to quantum cores with masses of
∼ 109M⊙. Such core masses, observed in Active Galactic
Nuclei (AGN), overcome the critical mass value for grav-
itational collapse Mcr ∼ M3pl/m2 for keV-fermions, and
therefore these cores have to be necessarily black holes
(Argu¨elles and Ruffini (2014a)). The characteristic signa-
tures of such supermassive black-holes, including jets and
X-ray emissions, are indeed missing from the observations
of the much quiet SgrA* source, or the centers of dwarf
galaxies.
At this point it is relevant to discuss the qualitative
and quantitative relevance of the general relativistic ap-
proach proposed here to model the distribution of dark
matter in galaxies, when compared with a classical New-
tonian approach. For the example analyzed here, i.e. for
m ∼ 10 keV/c2 and spiral galaxies, the compactness of the
quantum core is GMc/(rcc
2) ∼ 10−6, thus general relativis-
tic effects are not dominant in these configurations. Under
those conditions, we do expect a Newtonian approach to
describe satisfactorily the configurations. Indeed, by inte-
grating the corresponding equations of equilibrium in the
Newtonian case, which are obtained in the non-relativistic
weak-field limit of the treatment presented here 5, we obtain
similar results to the general relativistic solution within 1%
(for spiral galaxies and m ∼ 10 keV/c2), keeping the core-
halo structure containing the three markedly different phys-
ical regimes from quasi-degeneracy regime in the core all
the way up to Boltzmaniann one in the halo. As we have
explained, such a change of regimes is due to the combina-
tion of the non-zero temperature and the changing fermion
chemical potential with distance, which produces a changing
degeneracy parameter with the distance. It is important to
mention at this point that, if we were to model the galactic
halos assuming a zero temperature, we would obtain a dif-
ferent behavior of the density profile (resembling our quan-
tum core and never reaching the plateau plus Boltzmannian
phase) which leads to non-flat rotation velocity curves (with
a raising part, a maximum, and a Keplerian falling down re-
gion), hence inconsistent with observations.
A general relativistic treatment becomes a necessity in
the case of more compact configurations approaching the
critical mass for gravitational collapse, Mcr ∼ M3pl/m2 ∼
109M⊙, which as we have shown (Argu¨elles and Ruffini
(2014a)) could be attained in the central compact cores
observed in AGNs by the same dark matter candidate of
m ∼ 10 keV/c2, and corresponding to different boundary
conditions as contrasted with the case of normal galaxies
here considered.
We turn now to briefly discuss the astrophysical impli-
cations of the full morphology of the dark matter rotation
curves as well as the numerical implications of the typical
temperature and degeneracy parameters found here. Indeed,
the issue addressed in the present article is referred only to a
pure dark matter composition while the observational data
refers to the sum of the dark and baryonic (gas and stellar
populations) matter. The key result presented here is that
the dark matter contribution is always predominant in the
inner core (at sub-pc scales), and in the outer halo region at
the onset of the flat part of the given rotation curve; while
in between baryonic matter prevails. We can see from the
right panel of Fig. 1 that indeed, for a Milky Way-like galaxy,
our model correctly predicts both the value and flattening
of the circular velocity at distances r & 10 kpc. A detailed
comparison of the theoretical curves analyzed here with ex-
tended astrophysical data will be soon presented elsewhere
(Argu¨elles et al. (2015b)), including the special behavior of
the circular velocity e.g. at the sub-pc scales.
Regarding the actual values of the dark matter tem-
5 This is obtained by taking the limit c→∞ and eν/2 ≈ 1+φ/c2,
leading to thermodynamic equilibrium conditions T =constant,
and µ +mφ =constant, with φ the Newtonian gravitational po-
tential.
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peratures and (effective) chemical potentials obtained out
of the free parameters of the model (β0, θ0) consistent
with the (quasi) relaxed galactic structures analyzed here,
we have: for an ino mass of m ∼ 10 keV/c2, in typi-
cal dwarfs Td ∼ 10−1 K (β0 ∼ 10−9), while in spirals
Ts ∼ 101 K (β0 ∼ 10−7). This values when combined with
the central degeneracy parameters gives, for typical dwarfs
µd ∼ 10−7 keV (θ0,d = 15), and µs ∼ 10−5 keV (θ0,s = 30)
or µbs ∼ 10−4 keV (θ0,bs = 36), for typical spiral or big spi-
rals respectively6. The issue of the potential implications of
these dark matter temperatures and chemical potentials in
relation with different possible microscopic models for the
dark matter candidate in cosmology, will be a subject for
future works.
4 CONCLUSIONS
A consistent treatment of self-gravitating fermions within
general relativity has been here introduced and solved with
standard boundary conditions appropriate to flat rotation
curves observed in galactic halos of spiral and dwarf galax-
ies. A new structure has been identified: 1) a core governed
by quantum-like statistics; 2) a velocity of rotation at the
surface of this core which is bounded independently of the
mass of the particle and remarkably close to the asymp-
totic rotation curve; 3) a semi-degenerate region leading to
an asymptotic regime described by a pure Boltzmann dis-
tribution, consistent with the flat rotation curves observed
in galaxies. Interestingly it has been recently shown that
quasi relaxed core-halo structures analogous as the one ob-
tained here for the dark matter in galaxies, take part of a
broader and more ubiquitous behaviour in nature, proper
of long-range collisionless interacting systems including also
plasmas and kinetic spin models (Levin et al. (2014)).
For m ∼ 10 keV/c2 a universal relation between the
mass of the core Mc and the mass of the halo Mh has been
found. This universal relation applies in a vast region of
galactic systems, ranging from dwarf to big spiral galaxies
with core masses ∼ [104, 107]M⊙ (corresponding to dark
matter halo masses ∼ [107, 1012]M⊙).
Starting from the basic treatment here introduced,
of bare self-gravitating fermions, we have already exam-
ined the possibility to introduce new types of interactions
(Argu¨elles et al. (2015)) among the inos, considering, for
example, a self-interacting picture in the context of right-
handed sterile neutrinos in the minimal standard model ex-
tension (see e.g. Boyarsky et al. (2009b)), as a viable candi-
date for the ino particles in our new scenario. The extended
approach studied in Argu¨elles et al. (2015) allowed us to ver-
ify the possibility of the radius of the quantum core to be-
come consistent with the observations of SgrA*, and so open
6 It is important to recall that i) due to the small general rela-
tivistic effects in the cases analyzed in this work, from the Tol-
man and Klein conditions the central values of T and µ given
above are accurate through the overall configurations; and ii) µ is
the chemical potential with the fermion rest-mass subtracted-off,
therefore the (effective) chemical potentials, including the fermion
rest-mass, are roughly (for all the cases with m ∼ 10 keV/c2)
µd,s,bs +mc
2 ≈ 10 keV.
the way to identify additional (effective) fundamental inter-
actions in the ino physics. For this more general analysis, as
well as for the model extension which allow us to deal with
the very massive galactic compact cores of Mc ∼ 109M⊙ as
studied in Argu¨elles and Ruffini (2014a), the General Rela-
tivistic treatment here introduced for completeness, clearly
becomes mandatory.
After this generalized treatment, we will further
address the issue of the implications of these kev-fermions
in cosmology.
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